The fundamental theory of existence, uniqueness and continuous differentiability of Lp-solutions for Neutral Functional Differential Equations is presented. Also, the spectrum of the solution operator of general autonomous linear NFDEs is described. Finally, an extension of Hartman Grobman Theorem on local conjugacy near a hyperbolic equilibrium is proved .
. Introduction
We develop the fundamental theory of existence, uniqueness and continuous differentiability of solutions in the space Lp of neutral functional differential equations (NFDE) (1.1) t E(x(t), x(t -r)) = f(x(t), x(t -r)) + J a(9)g(x(t + B)) dB, T with appropriate continuously Fréchet-differentiable maps E : X x XX , f : X x X~X and g : X -> X, and an integrable function a from [-r, 0] into the space C(X) of linear continuous operators on X, X = R' or Cn, with a positive constant delay r. For 1 <_ p < oc, we write Lp to denote the Lebesgue space Lp ([-r, 0], X) and write the above equation, as usual, as We prove that if 1 < p < oo, then (S(t))tER is a strongly-continuous group and, unless D is linear, Fréchet differentiability of each map S(t), t :J= 0, can not be obtained by Contraction Principles.
We also extend the theorem of Hartman-Grobman on the conjugacy near a hyperbolic equilibrium point of the flow (S(t))tER and the flow of the linearized equation .
We observe that the results can be extended to more general equations such as dtE (x(t), x(t -r1 ), . . ., x(t -rN),~0 al (0 )gl(x(t + B)) dB) r = . . . , 0 f (x(t), x(t -ri),
x(t -rN), fr , a(B)g(x(t + B) dB) where E and f are smooth maps from XN+2 into X, gl and g are smooth maps from X into itself, al and a are piecewise continuously differentiable maps from [-r, 0] into G(X), 0 < rl < . . . < rN = r.
We note also that the space X in Theorems 3 .1, 3.2, 5.1 (i)-(iv) and 5.3 can be any Banach space and, in Theorem 5 .5, any Hilbert space .
Differentiable functions and Contraction Principles
The results of this section are taken from [9] . Let E and F be complex Banach spaces, A C E an open set, q E A and f : A -4 F . We say that f is Gdteaux-differentiable at q if there exists a map 5f(q, .) : E , F such that for each h E E we can write f(q+th) = f(q) + t5 f (q, h) + tR(t, h) where R(t, h) --> 0 as t~0 in R. The G-derivative 6f (q, .) is uniquely defined and satisfies the identity 6f(q, th) = t5f(q, h) for any (t, h) in R x E.
We say that f is Hadamard-differentiable (or quasi-differentiable) at q if there exists a linear map f'(q) : E --> F such that for each h E E we can write f(q+th+tk) = f (q) +tf'(q)h+R(t, k, h) where R(t, k, h) -0 as (t, k) ---> (0, 0) in R x E. The H-derivative f'(q) is also uniquely defined . Clearly we have 5f (q, -) = f(q) whenever this last exists .
We note that if dim E < oo, then f is H-differentiable if and only if f is Fréchet-differentiable .
Recall that the Lipschitz constant of a map f is defined by Lip f = inf{L : IIf(q) -f(q)II < LII q -qjj, q, q E A} .
Theorem 2.1 . If f is G-differentiable at q, 6f(q, -) is linear and there exists a neighborhood V of the point q such that Lip(fi v ) < oo ., then f is H-differentiable at q.
The proof follows easily from the inequalities ¡¡f (q + th + tk) -f (q) -t6f( q, h) II < II f(q + th + tk) -f (q + th) I I + ¡¡f (q + th) -f(q) -t6 f(q, h) I I
and IIf(q+th+tk) -f(q+th)II < Lip(fiv)IItkil .
The chain-rule can also be easily proved : the map f o g is Hdifferentiable at q if g is H-differentiable at q and f is H-differentiable at g(q) and (f og)'(q) = f'(g(q))g'(q) . Theorem 2.2. Let E and F be Banach spaces, A C E x F be an open set and f : A -> F be a map satisfying the following assumptions:
(i) f has strongly continuous partial H-derivatives f., and fy at any point (x, y) in A, that is, the maps (x, y, h) 1-4 f,:(x, y)h and (x, y, k) -fy (x, y) k are continuous on A x E and A x F respectively.
(ii) There exist closed sets S and T, S C E, T C F such that S x T C A, f(S x T) C T and sup(x, y) ESxT II fy(x, y) II < 1 .
Then, there is a unique map y : S -> T such that y(x) = f (x, y(x)) for each x in S.
Moreover, y is strongly-continuous H-differentiable and y'(x) = [Ify(x, y(x))]-'f.(x, y(x)) for each x in S .
Proof. For each x in S, we use the Contraction Mapping Principle to the map y E T ti f (x, y) E T to find the fixed point y(x) . Moreover, if f is Fréchet-differentiable at the null function ofLp(I, X), then a. e. for t in I, for all x E X. f(t, x) = f(t, 0) + x (t, 0)x, Proof. . For the proof that 7(u) is in Lp (I,Y) see [11] . First, we prove that jis G-differentiable . We have
a.e. for t in I. On the other hand, for any measurable E C I we have
This imply that
0 uniform1y in 0 < ¡si < constant, when the measure of E tends to zero.
-0 P when s -> 0, and therefore the G-derivative of f exists and 6N, v) (t) = á (t, u(t))v(t) a.e. for t in I and it is linear on v. 
To preve the last assertion, we can assume without loss of generality that f (t, 0) -0. If there exists xo 7~0 such that f(t, xo) -á-f (t, 0)xo 0(t) with 0(t) :~0 in a set of positive measure, then we can take a point to in the interior of I such that lim i to+6 0 t P dt = 0 t P 0 .
Taking the function v6 (t) = xo for t E [to -S, to + S] and v6 (t) -0 outside, we have IIv6IIP =~x 01( 2S) 1/P -4 0 when S --> 0+, but
a contradiction with the hypothesis that f is Fréchet-dif erentiable at 0. Therefore, f(t, x) = á-(t, 0)x a.e. for t in I, for all x in X, and the proof is complete.
The fundamental theory
We state the fundamental theorems on the solutions of the NFDE (3 .1) ~t E(x(t), x(t -r)) = f(x(t), x(t -r)) + J a(9)g(x(t + B)) dB r where E and f are continuously Fréchet-differentiable maps from X x X into X, X is the n-dimensional Euclidean space ll8n or Cn, g : X --> X is also continuously Fréchet-differentiable and a is an integrable map from [-r,0] into the space G(X) of continuous linear operators from X into itself.
We fix p, 1 < p < oc, and look for solutions of (3 .1) in Lp°(I[8, X).
We assume that: (po,pr) < C r for all (po,pr) E X x X, where I is the identity. (H3) IIajip , < oo, where p +, = 1 . We observe that if x belongs to Lp°(IIB, X), then the maps t r-4 D(xt) _ E(x(t), x(t-r)) and t H F(xt) = f(x(t), x(t-r))+ f 0r a(B)g(x(t+B)) dB also belong to Lp'(IEB,X) .
We say that x in LP°(1[8, X) is a solution of (3.1) if there exists a constant vector~in X such that the relation For sufficiently small T > 0, independent of (~, W), .F is a contraction, uniformly in (~,~o) . The fixed point x of F is the solution defined on
We use an induction argument to obtain the solution on [0, oo) . _ Analogously, the solution on [-T -r, -r] is the fixed point of the map .F defined by
where again we put yo =~o.
Again, by induction, we get the solution on (-00, oo) .
Since the map t~--+ xt E Lp is continuous when 1 <_ p < oo and not continuous when p = oo, the rest of the proof is a consequence of the continuity of each contraction with respect to (~, cp, y) and the independence on (~, cp) of the contraction constant.
The flow corresponding to equation (3 .2) is the family {S(t)}tER of operators S(t) from X x Lp onto itself defined by S(t)(, + f By Theorem 3 .1, the flow is a group of homeomorphisms under composition which is strongly continuous when 1 < p < oo . Since, for 0 <_ t <_ T, the map (~, cp) x(~, cp)) and (~, y)~--> t ( + fo F(ys) ds, yt) are strongly-continuous H-differentiable, so is the composition S(t) .
For an arbitrary positive t, we take a positive integer m such that 0 < , , _< T. Since S(t) = S(t/m) m, the chain-rule shows that S(t) is strongly-continuous H-differentiable.
The proof for negative t is the same if we use the contraction F. The strongly-continuous H-differentiability of (~, When T > 0 is small enough, the fixed point x(1, w) of .F(1, w, -) is of class Cl in (~, W) . The proof that S(t) is of class Cl for an arbitrary t in (-oo, oo) follows as in item (i), changing "strongly-continuous Hdifferentiable" for "continuously Fréchet-differentiable" .
Suppose now t h a t _ .F is Fréchet-differentiable at some point (G, wo, yo) (the case of .
F is completely analogous) . Define E : Lp x Lp([O,T], X) Lp ([0, T], X) by E(w, y)(t) = E(y(t), y(t -r)) a.e. for t in [0, T], where
we put y(0) = cp(8)for B in [-r, 0] . Then we have .F(j, cp, y) = yLoE(cW, y) + Lo (~) + Lo.F * (~o, y) . This implies that E is F-differentiable at (Wo, yo), since the other parcels are of class Cl in (~, W, y) . There is no loss of generality in supposing that 0 < T <_ r.
We now use the Theorem 2 .3 . Let I = [0, T] and use in X2 = X x X the norm ll(po,pr)ll = (IPOIP + lprlp)l/p . < KT l /PIIo~oilpllW -~bllp Define f : I x X2 -> X by f(t, (po,pr)) = E(yo(t) + po, Wo(t -r) + pr) -(yo (t), cP o (t -r)) a. e. for t in I, for all (po,pr) in X2 . For a given u E Lp(I, X2 ), u(t) = (ul(t), u2 (t)), we have ¡(u)(t) a=e E(yo(t) +_ ul (t),~p o (t -r) + U2 (t» -F,(yo(t), Wo(t -r)) . We have f (t, 0) = 0 and f is F-differentiable at the null function of LP (I, X2 ) . Then, by Theorem 2 .3, f (t, (izo, pr)) a=e, óp (t, (O, 0))p0 + p (t, (O, 0»p,, that 1S, E(yo(t) + po,~Po(t -r) + Pr) = E(yo(t), Wo(t-r))+ ap (yo (t), <Po(t-r))po+ ap (y o (t), Wo(t -r))pr a.e . for t in I, for all (po,pr) in X2. If we take some dense and countable set D C X2 , we can find some t E I for which the above equality holds at this t and all (po,pr) E D. By the continuity of E we get
for all (PO,pr) in X2, and the proof is complete . Proo£ The proof is due to D. Henry [8] . If we have this last possibility then dist(o,(GO), {A + 2" : : k integer }) = 0. In fact, det H(A) is an analytic almost periodic function of A, and this implies that H(A) -1 is uniformly bounded in any set {AEC :a<_Re A<_~3 ,dist(u(GO),A)>_S}fora<0,6>0(see [6] ) . Therefore, el\t E elQ(G°) and the proof is complete. Proof. . The proof of (i) and (ii) follows them same steps of the proof of (i) and (ii) of Theorem 4.1 .
(iii) Let Z = {Re A : A E o,(G°)}, let f, -y) be an open bounded interval disjoint from the closure Z. Let U = {u E C : ea t < ¡u¡ < e"t} . Since for all t we have using Theorem 4.1 (iii), we conclude that U is disjoint from o,(T°(t)) . Also Q(T°(t)7r2) = a(T°(t)) U {0} and U is disjoint from u(T°(t)-ff2) . By Lemma 4.2 and a result of Gohberg and Krein stated in [6, Lemma 4.2] , it follows that U C p(T(t)) or U C e'Q'(G), where p(T(t)) is the set of all normal points (regular points or isolated eigenvalues with finite multiplicities) of T(t) .
Since e'(G) is countable, U must be disjoint from the essential spectrum ue(T(t)), the complement of p(T(t)), which implies that ue (T(t)) is contained in the set {u E C : lul = él,~E Z}.
From [7] , the inclusion (4.4) is, in fact, an equality holding for almost all t in (-oo,oo), so that ue (T(t)) is contained in eta(G1) a.e. for t in (-oo, oo) and, Since etQ(G°) C et ,(G) we conclude the proof.
Conjugation
We say that the linear equation (4.1) is hyperbolic if there exists a to > 0 such that the linear operator T(to) is hyperbolic, that is, its spectrum is disjoint from the unit circle in the complex plane .
The following proposition is an extension to our context of the corresponding results for the phase space C and we ommit the proof Since it is analogous to the one given in [5] and [6] . To prove the last statement, we use Theorem 4.3 (iii) . Suppose that equation (4.1) is hyperbolic. We will show that the flows {S(t)} of'equation (3 . Then, there exists E > 0 such that if E(po,pr) = Aopo + Arpr + Ee (po, p,), f(p0, pr) = Bopo + Brpr + fe (po, pr) and g = M + gE, for any po and pr in X, then, there exists a unique homeomorphism h : X x Lp -> X x Lp, h -I bounded, such that h is a conjugation between the flows {S(t)} and {T(t)} .
Proof. We note that for E less than IIA O '11 -' and IIAr' II -1 the hypotheses (H1) and (H2) are verified for E, f, g and the flow {S(t)} is well defined .
Let us write equation (3.2) into the form where Q(t)°---EE(x(t), x(t-r))+fo [f~:(x(s), x(s-r))+f ór a(B)g,(x(s+ B)) dB] ds, with xt = 7F2S(t)(~, cp) . We now define d>t : X x Lp ---> X x Lp by S(t) = T(t) + 4)t .
The map -Pt, satisfies : We now apply Lemma 5.2 to the hyperbolic operator T(r): we take E > 0 such that Lip-D,. < S, so that T(r) and S(r) are conjugated by a unique homeomorphism h of X x Lp , h -I bounded .
For any t in (-oo, oo), we define ht : X x Lp --> X x Lp by ht = T(-t)hS(t) .
Clearly, ht is continuous, llht -Ill < 11T(-«l(11h -III + 11(Dtl1) < oo and T(-r)ht S(r) = T(-t -r)hS(t + r) = T(-t)hS(t) = ht , so that ht also conjugates S(r) and T(r). By the uniqueness in Lemma 5.2, ht = h and T(t)h = hS(t) for all t. a
We note that, in the above theorem, it is not necessary that equation Proof. . Let E = E -DE(0, 0), 7 = f -Df(0, 0) and g = g -Dg(0) . For a given E > 0, we apply Lemma 5.4 to obtainS1 > 0 and bounded C _1 -functions E,, fE and gE such that E,(po,p,) = E(po,pr), fe(po,pr) = f(po, p,,) and gE(po) = g(po) for ipo1 and Ipr1 less than Sl and relation (5.1) holds .
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